Year 13
Mathematics

- o~
|

4
N |
£ I id JuJ
Differentiation

Robert Lakeland a Carl lugent
Contents

Achievement Standard ........... ... .
Limits ...
Identifying Features From Graphs ............. ... . ... ...
The Derived Function ........... .. ... i i
Differentiating Power Functions and Polynomials ...........................
Differentiating Composite Functions (The ChainRule) . ......................
Differentiating Exponential Functions .....................................
Differentiating the Natural Logarithm Function . ............................
Differentiating Trigonometric Functions ...................................
Differentiation of Products of Two or More Functions . .......................
Differentiation of QUOtIENtS ... ... ...ttt
Mixed Differentiation QUEeSHONS . .. ... ...ttt
The Gradient of a Curve and the Equationof a Tangent ......................
Maximum and Minimum Points of a Graph ................ ... . ... . ... ..
The Second Derivative .............. ...t
Polynomial Sketching when the Degree=>3.................................
Graphing Derived FUNCHONS . . ... .ttt e
Differentiation of Parametric Equations . ................ ... ...
Implicit Differentiation ........... ... .. ... . .
Related Rates of Change . ..... .. .ottt
Applications of Differentiation. ............ . . . . i
Practice External Assessment Task............. ... . i it iien...
ANSWETIS . ...oviiiiiin i N N W )

Formulae . ... e

yYwilLake Ltd

Innovative Publisher of Mathematics Texts

10
13
17
20
24
27
30
35
39
43
46
49
54
60
66
70
74
77
82
90
96



2 EAS 3.6 - Differentiation

Differentiation 3.6

This achievement standard involves applying differentiation methods in solving problems.

Achievement Achievement with Merit Achievement with Excellence
e Apply differentiation e Apply differentiation e Apply differentiation
methods in solving problems. methods, using relational methods, using extended
thinking, in solving problems. abstract thinking, in solving
problems.
* This achievement standard is derived from Level 8 of The New Zealand Curriculum and is related

to the achievement objectives

& Identify discontinuities and limits of functions.
& Choose and apply a variety of differentiation techniques to functions and relations using
analytical methods.
* Apply differentiation methods in solving problems involves:
L selecting and using methods
< demonstrating knowledge of concepts and terms
» communicating using representations.
* Relational thinking involves one or more of:
< selecting and carrying out a logical sequence of steps
& connecting different concepts or representations
< demonstrating understanding of concepts
& forming and using a model;
and also relating findings to a context, or communicating thinking using appropriate mathematical
statements.
* Extended abstract thinking involves one or more of:
% devising a strategy to investigate or solve a problem
< identifying relevant concepts in context
» developing a chain of logical reasoning, or proof
» forming a generalisation;
and also using correct mathematical statements, or communicating mathematical insight.
* Problems are situations that provide opportunities to apply knowledge or understanding of
mathematical concepts and methods. Situations will be set in real-life or mathematical contexts.
. Methods include a selection from those related to:
» derivatives of power, exponential, and logarithmic (base e only) functions
& derivatives of trigonometric (including reciprocal) functions
< optimisation
°» equations of normals
& maxima and minima and points of inflection
LS related rates of change
* derivatives of parametric functions
°» chain, product, and quotient rules
< equations of normals
® properties of graphs (limits, differentiability, continuity, concavity).
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A limit exists if when approached from the left or
the right hand side the limit is finite and the same.

If f(x) gets closer and closer to a specific value L
as x approaches a chosen value “a’ from the right,
then we say that the limit of f(x) as x approaches
‘a’ from the rightis L.

If f(x) gets closer and closer to a specific value L as
x approaches a chosen value ‘a’ from the left, then
we say that the limit of f(x) as x approaches ‘@’

from the left is L.

If the limit of f(x) as x approaches ‘a’ is the same
from both the right and the left, then we say that
the limit of f(x) as x approaches ‘a’ is L.

Example 1
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As x — 2 from the
left, f(x) — 1 and
as X — 2 from the
right, f(x) — 3.

Therefore 1in21 f(x)

does not exist
because the left
limit = the right
limit.

As x — 1 from the
left, f(x) — 2 and
as x — 1 from the
right, f(x) — 2.

Therefore lin]1 f(x)

exists because the
left limit = the
right limit.

So lirrll f(x) =2, but
f(1) = 5.

As x — 0 from
the left, f(x) gets
larger and larger
(4+00) and as

x — 0 from the
right, f(x) gets
larger and larger
(400).

Therefore 1X1£r01 f(x)

does not exist
because (+00) is
not a finite limit.
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Example 5
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Example 6
f(x)
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1

exist.

Differentiation

As x — 2 from the
left, f(x) — 4 and
as x — 2 from the
right, f(x) — 4.

Therefore
h'rrzlf(x) =4,

because the left
limit = the right
limit.

Also f(2) = 4.

As x — 2 from
the left, f(x) gets
smaller and
smaller (~oo) and
as x — 2 from
the right, f(x) gets
larger and larger
(400).

Therefore Iirp2 f(x)
does not e>x<ist
because ("oo) and
(+00) are not finite
limits and the left
limit = the right
limit.

Asx — 0
f(x) — 0 and
as X — o0
f(x) — 0.

Therefore
lim f(x) =0 and

i oo

X—00

The use of the infinity symbol is
shorthand for saying the limit does not

Infinity is not a number, and an
equation or function can never be equal to

infinity.

We can say that a limit is equal to infinity to
indicate that the function as x approaches ‘a’ gets
larger and larger indefinitely, but we can never
say that f(x) itself is equal to infinity, because no
function can ever reach a value of infinity at every
single point on the graph of f(x).
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EAS 3.6 - Differentiation 35

Differentiation of Products of Two or More Functions

Differentiating Products

In this section we are concerned with
differentiating the product of two functions,

i.e. one function multiplied by the other such as
f(x) = (2x + 3)(x — 4).

In some instances we could multiply out the two
functions first and then differentiate the result, but
in most situations this is not a practical option.

The Product Rule

For any function which is expressed as a product
of two functions

h(x) = f(x)g(x)
then
h'(x) =" (x)g(x) + f(x)g’(x)

The product rule using different notation is: Diffe.rent-iating 2L f}mct'ion ﬁrs-t ivern
multiplying these derivatives, will NOT

produce the correct answer.

y =uv
y =u'v+uv
d

o Y e, dd

dx dx v dx

At Achievement and Merit level
you only need to be able to use this
formula. For Excellence you may be
required to understand the proof.

Proof of the Differentiation of Products

f(x+h)g(x+h)-f(x)g(x)
h

It k(x) = f(x)g(x) then k’(x) = }}grb

_ f(x+h)—f(x)

Note: f'(x) o

, and therefore f(x + h) = hf’(x) + f(x) by cross-multiplying

_ g(x+h)-g(x)

and g’ (x) n , and therefore g(x + h) = hg’(x) + g(x) by cross-multiplying
_ (hf'(x) +£f(x))(hg'(x) + g(x)) — f(x)g(x)
K (x) = iy h
) _ hf'(x)g'(x)+hf'(x)g(x) + hf(x)g'(x) + f(x)g(x) — f(x)g(x)
() = i, h
. h[hf'(x)g'(x) +f'(x)g(x) + f(x)g'(x)]
K (x) = i, h

K(x) = fim h'()g'0) +£'(x)g(x) + f(x)g'(x)

K(x) = (x)g(x) + f(x)g'(x)

Therefore if k(x) = f(x)g(x) then k’(x) = f'(x)g(x) + f(x)g’(x)
Using different notations for y = uv, where u and v are both functions of x then

y’=u'v + uv’ or with Liebnitz notation

dy dv du
—— =u—+v—
dx dx dx
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EAS 3.6 - Differentiation

H

Find the equation of the normal to the curve
y =x3-3x? + 4x + 1 at the point (2, 5).

We begin by calculating the gradient of the curve
by differentiating and setting x = 2.

ax =3x2-6x +4
dy
Atx=2 dx =4

Gradient of the normal is the negative reciprocal of

A
4
. 1
The normal isy -5 = vy (x=2)

which simplifies to x + 4y -22 =0

244. Find the coordinates of the point on the
curve y = x? — In x where the gradient is 1.

246. Find the gradient of the normal to the curve

1
y= m,wherex=*3.

248. Find the equation of the tangent to the curve
y = 3.68 €9 at (2, 10).

47

Example

If y = In(kx — 1) — x% and the gradient of the tangent
to the curve at x =2 is 1, find the value of k.

We bgin by calculating the gradient of the curve
by differentiating and setting x = 2.

A TN
dx  kx-1
k
Atx=2, ———4=1
2k -1
Solving for k, E:S
10k -5=k
9k =5

k= g (0.5556)

j Achievement — Answer the following questions.

245. Find the x values of the points on the curve

3
Y=g +§ where the gradient equals 1.

247. Find the equation of the normal to the curve
y=x>—4xatx="1.

249. Find the equation of the normal to the curve
y=3.68 e atx=1.
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Stationary points, turning points
and maximum and minimum points,
increasing and decreasing.

A stationary point gets its name from the curve
being momentarily stationary (not increasing or
decreasing). Momentarily the gradient is zero.

Stationary points

-

The maximum and minimum points are called
turning points because at these points the curve
turns around and heads the other way. All
turning points are stationary points.

Turning points
Max.

Min.
Points of inflection are where the concavity of
a curve changes. They can be stationary points
but not necessarily. Points of inflection are never
turning points.

Points of inflection

I\

To identify whether a function is increasing or
decreasing we can use the derivative.

If f'(x) > 0 at each point in an interval, then the
function is said to be increasing on that interval.

Similarly if £'(x) < 0 at each point in an interval
then the function is said to be decreasing on that
interval.

Example

Find the coordinates of all the stationary points
(maximum and minimum) of the function

fx)=x3+x*-x+1
and state their nature (what type they are).

Identify when the function f(x) is decreasing and
increasing.

EAS 3.6 - Differentiation

45 To find the stationary points we begin by
calculating the derivative

fxX) =x*+x2-x+1
f'(x) =3x*+2x -1
Setting f'(x)=0
to identify the points which have a gradient of 0.

3x2+2x-1=0

Bx-1x+1)=0 factorising
. ~ 1
gives x="1 or x= 3
when x =1 f(-1)=2 y coordinate

1 22
when x = u f(—) - y coordinate

3 3) 27

Stationary coordinates are (-1, 2) and (%,%) .
To identify the nature of the stationary points we
could use our knowledge of the shape of a positive

cubic.

Therefore the first x value (x = 71) is going to be the

maximum and the second value (x = 1) will be the
minimum. 3

Alternatively we could calculate the gradient before,
between and after the turning points. We only need
the sign of the derivative or gradient function. For

a value before -1 we have used 2, for between the -1

and % we have used 0 and for after % we have used

2. We substitute these values into f'(x) = 3x> + 2x — 1.

x | 2| 1] 0| 1] 2
3
f'(x) 7 0 1 0 15
Grad. / - \ - /

so the maximum point () is (-1, 2) and the

.. " (1 22
minimum point 8 ||l=r==|c
inimum point (\_)) i (3 27)
The function f(x) = x> + x> — x + 1 is decreasing in the

interval "1 <x < l

The function f(x) = x*> + x> — x + 1 is increasing when

X<*1andx>1.
3
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78 EAS 3.6 - Differentiation

Example X Example

Two children are making a Aladder 3.45 m long is leaning against a wall.
large spherical snowball. If
the volume is increasing at
0.75 m?/min when the radius
is 0.85 m, find the rate the

radius is increasing.

The base of the ladder starts slipping at 0.45 m/s.
Find the rate the top is sliding down the wall
when the base is 2.15 m from the wall.

The volume of a sphere is V = 3=

We draw a diagram of
what is happening as it

©  The rate of change of volume gives us is easier to identify the

3.45m

three parts.
V075 m? /min P
dt
. ., dr
®  We are required to find T
©  Reference to a sphere (with or without the 1
X

formula) gives us 0.45 «—x=215—»

dt

4 3
V=3" © Weare given L
We write out the chain rule starting with what we c
require ® We require Gl
dt

dr _ dr xﬁ ©® Using Pythagoras we have a relationship

dt  d? dt between h and x.
where the question mark could refer to any 32 + h2 = 3.452

variable. Check the information given in the

5 | 2 2
question. In this case it is V for volume st v

whenx=2.15h=2.70m

& _dr dv "
dt dV dt We write out the chain rule starting with i
?
we have been given c:i_\t/ =0.75 c;—}tl = j—};x%
and we work out G from the formula - d_hxé
dv . dh dx dt
W = gnr3 To get o e differentiate implicitly
dv h? =3.45% - x?

— =4m? differentiating

whenr=085 ohdh _ox  butx=2.15h=27
dx
dv
— =41 (0.85)2
dr 5.4 j—h =43
dr 1 X
T 2
dV  47(0.85) dh _ ) 2oes
dr _ dr dv &
dt dh
Gl Now substitute both ™ and % in the chain rule
= ;2 0.75 dh
47(0.85) S = 07963x045
=0.083 m/min (2 sf) =70.36m /s (2dp)
dr
or G - 8.3 cm/min. (2 sf) ie. cjl—h =36 cm/s down.
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EAS 3.6 - Differentiation

Page 38
186. & = 2X cos X — X2 sin x
dx
187. ﬂ =3 tan 3x
dx + (9x — 6) sec? 3x
188. ey =2x cot(5x - 1)
dx - _ 5(x2—1) cosec? (5x — 1)
189. &y = 3x2 cosec 2x
dx — 2x3 cosec 2x cot 2x
190. h’(x) = 4cos? x — 4 sin® x
191. f'(x) = 24 sin x cos®x
—12 sin® x
192. h’(x) = sec x tan® x + sec® x
193. k’(x) = sin x(sec®> x + 1)
194. f’(x) = 24 sin 4x cos 4x
195. q'(x) =3x* cos x + 12x3 sin x
196. q'(x) = (123 + 6x2 + 4x + 1) €2
§ x>
197. q'(x) = 6xIn(3x-1)+
3x-1
dy 2,2 ax’+b
198. I (a+2a’x* + 2abx)e
X
N aeax+b
199. f'(x) = ae™In(ax+b)+
ax+b
Page 41
6x% —6x—1
200. ¢’(x) =
& (2x-1)?
L ) 30x* ~16x-17
. X
& (2x2% +8x—1)?
dy = 2x- 3x?
202. —~
dx  2Ux(E-2x)
dy “(4x-5)
203, & - —F——
03 I = 2¥x(dx+5)
12x+1-15x2
204. ¢'(x) =
5 3xH3(3x% - 6x +1)>
/3
+3
205. h'(x =
&) T e (xR 1)
Page 42
2
206. ﬂ _ 6§)x +264x+§
dx e”X(5x” +2x)
T ) 8x2 +8x 2
g = ————=7
q EX(4X2—1)3/2
3 x2+1
dy (24x” -18x)e
208. & = (4X2 _1)3/2
200. f/(x) = (X —8x)e

(x*=3)

Page 42 cont...

210. ﬂ _ (48x* =12x-3)e
dx x> (4x* +1)
o1, &Y 122
dx X
ax 2
12, dy _ 2ae (a); +b2—2x)
dx (ax*+b)
213. dy _ (X—b)—ZZXI?(ZX+b)
dx (x*=b?)
o1g, ¥ -1
dx 1+sinx
215. f’(x) = 8x cos 4x
— 4(4x% - 1)sin 4x
Page 43 )
2c0s2t(1—t°) + 2tsin 2t
216. m’'(t) = 5
(1-¢)
Y a(1+sinx —xcosx)
217. 0= =g oo
Page 44
218. f'(x) = —?—10X
X
219, @'(x) = 155247
9. g'(x)=15x"+ —?
220. ﬂ =43
dx
3
221. h'(r) = 47tr+—
222, W _ 01 - eyt
dx
dY 2
223. +2 x
dx x
2
sec” x
224. m’(x) =
24/tan x
225. p’ =
. P (2x_3)?
2x
226. k'(x) =
) x2+2
2
227. ﬂ - seex = CosecC X sec X
dx tan x
228. f(x)= §(3x+5)’3/5
229. ﬂ = —42
dx  (3x-1)
230, K= —+2->
x° X% x
231, ? _ 4(6x —2)(3x% = 2x + 1)
X

99

Page 45
232. f/(x) = (10x% +5)e
2x
233. g'(x) = ze N 2
) e (1+4x)
N
234, W

=102x% + x-3)(4x*+2x - 1)
X

235. g'(x) = 3e3* sin x + e>X cosx

g’ (x) = e(3 sin x + cos x)
3x

236. h'(x) = 3e* 1n(2x)+e
X
237. (x) = (x2+6)sec>;tan>;—2xsecx
(x“+6)
2 2
238 K(x) = 12x (1+21nx)2 8x
(1+2Inx)
v 4x%(1+6Inx)
09 = T 2wy
2 .
239, dy _ 2(1-x")cosx +4xsin x
dx (1_X2)2
2 q o 2
240. ﬂ B 2cos x+251r21x+251n X
dx COS” X
dy _ 2
dx 1-sinx
dy 2
or I =2+ 2secx tan x + 2 tan“x
X
if using the product rule.
“(cosx+1)
241. h(x) = ———>
sin” x
242. g'(x) =
2(2X _1)—1/2e3x _ 6eSX(2X_1)1/2
(2e3X)2
0 (2-3x)e™>x
W)= =22
& J2x-1

243. K(x) = 12(3x +1)%(x = 2)/?

+%(3X+1)4(x—2)’1/2

(3x+1)’ (27x-47)
2(x-2)"

K(x) =
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